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Abstract
Aprecisedefinition of a black hole has long been absent in causal set the-
ory. I first show that the local finiteness of the theory cannot be interpreted
as a complete discretization condition, and the theory still admits continua,
which I call singular anti-chains. After providing a couple of suggestive
calculations from general relativity to support the argument that a singular
anti-chain behaves like a causal singularity in a space-time, I propose a
definition of a causal set black hole based on a singular anti-chain. The
paper concludes with brief discussions of questions that causal set black
holes and singularities may give rise to.
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1 Introduction
A causal set (or causet) is a partially ordered set with an extra condition called
local finiteness. That is, a pair consisting of a set and a binary operator, (C,),
is a causal set if it satisfies (i) x  y  z ⇒ x  z (transitivity), (ii) x  y and
y  x ⇒ x = y (acyclicity), and (iii) |A(x, y)| < ∞ (local finiteness), where x, y, z
are arbitrary elements of C, A(x, y) := {z ∈ C | x  z  y} is an Alexandroff
interval, and | · | denotes the cardinality of the set. Causal set theory is one of
the approaches to quantum gravity, in which a causet plays a prominent role
as a space-time, and the partial order is considered to be the causal order of the
spacetime [1, 2].
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Causal set theory has many intriguing aspects as a theory of discrete space-
time: We can deduce time-like and space-like distances from it [3, 4]; it main-
tains the Lorentz symmetry [5]; quantum fields can be defined on causets [6, 7];
the Benincasa-Dowker action acts as a causal set action [8], etc. However, one
important concept that is still unclear in the theory is how to describe black
holes. Although there exist some important works on black holes in causal set
theory [9, 10, 11], they have relied on the sprinkling process, in whichwe utilize
a pre-existing black hole space-time as a background to produce a causet, and
a precise definition of a causal set black hole is missing.
In the following, I first point out that the theory is not completelydiscretized;
it still admits the existence of continua. I thendiscuss a possible interpretationof
this uncountable set in the theory as a causal singularity, andprovide suggestive
calculations from general relativity to support the argument. Based on the
causal set singularity, I propose a definition of a causal set black hole.
2 Continuum in causal set theory
We start by reflecting on the local finiteness condition. We usually consider
the condition to be the discretization condition of the theory [2]. Since local
finiteness states that local regions defined by Alexandroff intervals, or causal
diamonds, must only have a finite number of elements, we think any causet
should have, at most, a countable number of elements. More precisely, we tend
to believe the following statement:
∀ x, y ∈ C, |A(x, y)| < ∞ ?⇒ |C| 6 ℵ0 , (1)
and we interpret the local finiteness condition as the discretization condition
since any causet is a countable set due to the local finiteness. However, the
statement (1) is not true. The local finiteness condition is not restrictive enough
to exclude all continua from the theory. While it certainly rules out the possibil-
ity of having “temporal” continua, or uncountable chains, “spatial” continua,
or uncountable anti-chains, are still contained in the theory (see Figure 1). Here
a chain is a totally ordered subset of a causet, and an anti-chain is a totally
unordered subset of a causet. We call an anti-chain singular if it is uncountable,
and a causet singular if it contains singular anti-chains.
Figure 1: Uncountable chain and uncountable anti-chain (singular anti-chain). Left: All
elements are related, and cause violation of local finiteness. Right: No elements are
related, and there is no violation of local finiteness.
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Now the question is whether there exists any physical interpretation of
singular anti-chains, or their existence is a mere loophole of the theory. In the
following, I seek to provide a possible interpretation of a singular anti-chain as
a causal singularity in a space-time. In order to explain this, I define a classical
causality between an element, x ∈ C, and a singular anti-chain, S:
x  S def.⇐⇒ ∀ s ∈ S, x  s . (2)
In a sense, we regard a singular anti-chain as a single spacetime element that is
“fatter” than usual elements. Thus, it is more natural to consider a collection
of causalities between a non-singular element and elements of a singular anti-
chain as a single causality, which is a classical causality. We can certainly think
about an additional, finite number of causalities involving a singular anti-chain,
but it is beyond the scope of the paper, and this possibility will be discussed
elsewhere.
What is interesting about singular anti-chains and classical causalities is that
a singular anti-chain cannot have the classical future and the classical past at
the same time. That is, a singular anti-chain behaves like a causal singularity in
our classical spacetime. If we consider a singular anti-chain that has an element
to its future and another element to its past both of which are related to the
singular anti-chain by classical causalities, then we can clearly see the violation
of the local finiteness by selecting those two non-singular elements and forming
a causal diamond (see Figure 2).
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Figure 2: Examples of singular causets. S denotes a singular anti-chain. Solid lines
connecting a singular anti-chain and an element represent classical causalities unless an
element in the singular anti-chain is specified. Left: A singular causet violating local
finiteness. Right: An allowed singular causet having two singular anti-chains.
In this view, non-singular regions of a classical spacetime are still discretized
in a standard causal set manner, but singular causal boundaries refuse to be
discretized, and continue to be continuous.
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3 Suggestive signs from general relativity
In this section, we investigate whether there are any signs of singular anti-
chains in general relativity. To explore this, we calculate the minimum density
of elements of an anti-chain embedded near a singularity so that its future or
past covers the entire singularity as shown in Figure 3. More precisely, we place
a 3-hypersurface near the singularity, and embed an anti-chain uniformly into
the hypersurface so that the future or the past of the anti-chain covers the entire
singularity. We calculate 3-volume that a single embedded element occupies
on the hypersurface, which can be interpreted as the “discreteness scale” of
the anti-chain. The inverse of this 3-volume is the density we are interested in,
and it is equivalent to the number of embedded anti-chain elements per unit
3-volume. We then send the proper time between the hypersurface and the
singularity to zero, and observe the behavior of the density. If singular anti-
chains correspond to singularities, the density should not converge because a
converging density implies a discrete anti-chain along the singularity.
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Figure 3: Configurations of embedded anti-chains. The left is for the Schwarzschild
black hole, and the right is for the FLRW universe.
3.1 Schwarzschild black hole
We first consider the Schwarzschild solution in standard Schwarzschild coor-
dinates:
gab = −
(
1 − rS
r
)
dt2 +
(
1 − rS
r
)−1
dr2 + r2dΩ2 , (3)
where rS = 2GM is the Schwarzschild radius, and dΩ
2 = dθ2 + sin2 θdφ2. A
null geodesic in the Schwarzschild space-time must entirely stay on a single
plane defined by the position and the velocity vectors because of the parity
reflection symmetry. We can orient the coordinate system so that this plane
becomes defined by θ = pi/2, and the conserved quantities of the geodesic can
be written as
E =
(
1 − rS
r
)
dt
dλ
, L = r2
dφ
dλ
, (4)
where λ is an affine parameter. Using eqs. (3) and (4), we then obtain
(
dr
dλ
)2
+ V = 0 , where V =
L2
r2
− rSL
2
r3
− E2 , (5)
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for the null geodesic [12].
Now we consider an anti-chain uniformly embedded in the hypersurface
constant coordinate time δ away from the singularity as shown in Figure 4.
Since we are interested in the case where δ ≪ rS, the r-coordinate works as
a time coordinate now inside the event horizon (r < rS). The union of the
future light cones of anti-chain elements covers the singularity, but we want to
maximize the t-coordinate separationbetween twoembedded elements inorder
to find the lower bound of the density of the anti-chain elements. When they
aremaximally separated, the separation is equal to the t-coordinate distance on
the singularity that is covered by a future of a single embedded element. Thus,
in the following, we calculate the maximum t-coordinate distance light travels
from the hypersurface to the singularity.
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Figure 4: A t-r diagram showing the configuration of embedded anti-chain elements
near the Schwarzschild singularity. The separation between two embedded elements is
the same as the distance on the singularity covered by a future of a single element.
Let’s first think about the case where L = 0. We have V = −E2, and
dr
dλ
= ±E ⇔ dr
dt
= ±
(
1 − rS
r
)
. (6)
We obtain
±T = ±
∫ T
0
dt =
∫ 0
δ
(
1 − rS
r
)−1
dr
=
∫ δ
0
r
rS
(
1 − r
rS
)−1
dr = − δ − rS ln
(
1 − δ
rS
)
∼ δ
2
2rS
. (7)
Here we used δ ≪ rS. Thus, when L = 0, the t-coordinate distance covered on
the singularity becomes l0 ≡ 2T ∼ δ2/rS .
Let’s now consider the case where L , 0. The leading term of V becomes
5
− rSL2
r3
, and we have
dr
dλ
= ±
√
rSL
r3/2
⇔ dr
dt
= ±√rS · L
E
· r−3/2
(
1 − rS
r
)
. (8)
We, in this case, obtain
±√rS · L
E
· T = ±√rS · L
E
∫ T
0
dt =
∫ 0
δ
r3/2
(
1 − rS
r
)−1
dr
=
1
rS
∫ δ
0
r5/2
(
1 − r
rS
)−1
dr ∼ 1
rS
∫ δ
0
r5/2
(
1 +
r
rS
)
dr
=
2δ7/2
7rS
+
2δ9/2
9r2
S
∼ 2δ
7/2
7rS
, (9)
∴ ±T ∼ 2Eδ
7/2
7r3/2
S
L
. (10)
Thus, when L , 0, the t-coordinate distance covered on the singularity becomes
lL ≡ 2T ∼ 4Eδ7/27r3/2
S
L
.
We notice that l0 is larger than lL:
lL =
4
7
· E
L
· δ
7/2
r3/2
S
≪ 4
7
· 1
δ
· δ
7/2
r3/2
S
=
4
7
·
(
δ
rS
)1/2
· l0 ≪ l0 . (11)
Here we used the fact that we can always choose δ such that E/L ≪ 1/δ.
Hence, l0 gives the maximum t-coordinate separation between two embedded
anti-chain elements on the hypersurface.
We then convert the calculated coordinate distance and coordinate time into
proper distance and proper time. The proper distance is calculated along the
straight line definedwith constant r and constant angles, and the proper time is
calculated along the straight line defined with constant t and constant angles:
L =
∫ L
0
dL =
∫ l
0
√
rS
δ
− 1 dl = l
√
rS
δ
− 1 ∼ l
√
rS
δ
, (12)
τ =
∫ τ
0
dτ =
∫ δ
0
(
rS
r
− 1
)−1/2
dr ∼
∫ δ
0
[(
r
rS
)1/2
+
1
2
(
r
rS
)3/2]
dr ∼ 2δ
3/2
3r1/2
S
. (13)
Hence, the one-dimensional density is given by
L0 = l0
√
rS
δ
=
δ3/2
r1/2
S
=
3
2
τ , (14)
∴ ρ1−dim ≡ 1L0 =
2
3τ
. (15)
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In order to obtain full three-dimensional expression of the density, we re-
member that multiple elements can be put at the same t and r, but different
angles, and we have to calculate the maximum angle separation, and the cor-
responding solid angle.
In coordinate time, we have
dφ
dr
=
±1√
(E/L)2r4 − r2 − rS · r
, (16)
but since EL ≪ 1δ , it approximately becomes
dφ
dr
∼ ±1√
rS · r
. (17)
Thus, as light travels to the singularity, it maximally sweeps the angle of
∆φ ∼ −1√
rS
∫ 0
δ
r−1/2dr = 2
√
δ
rS
, (18)
and thus the congruence of the causal curves covers the the solid angle of
∆Ω =
∫ 2pi
0
dφ
∫ ∆φ
0
dθ sinθ = 2pi(1 − cos∆φ) ∼ pi∆φ2 = 4piδ
rS
, (19)
which then means that the area covered by a single element of the anti-chain is
S = δ2∆Ω =
4piδ3
rS
= 9piτ2 . (20)
Therefore, for the Schwarzschild black hole, the lower bound of the density
of the embedded anti-chain elements near the singularity as a function of proper
time to the singularity is given by
ρSchw ≡ 1L0 · S =
2
27pi
· 1
τ3
. (21)
3.2 FLRW-flat
Next we turn our attention to the spatially flat FLRW universe. The metric in
the comoving frame is given by
gab = −dτ2 + a2(τ)
(
dx2 + dy2 + dz2
)
. (22)
We consider the dust-filled and radiation-filled cases:
adust(τ) = α · τ2/3 , (23)
arad(τ) = β · τ1/2 , (24)
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where α and β are some constants [12].
Null geodesics satisfy
0 = −1 + a2(τ)
(
dl
dτ
)2
, (25)
and thus the coordinate distance light travels in proper time τ becomes
l =
∫ τ
0
dτ
a(τ)
=

α−1
∫ τ
0
τ−2/3dτ = 3α−1τ1/3 (dust);
β−1
∫ τ
0
τ−1/2dτ = 2β−1τ1/2 (radiation).
(26)
A simple conversion from the coordinate distance to the proper distance along
a straight line gives
L = a(τ) · l =

3τ (dust);
2τ (radiation).
(27)
Therefore, for the spatially flat FLRW universe, the lower bound of the den-
sity of the embedded anti-chain elements near the singularity (see the diagram
on the right in Figure 3 for its configuration) as a function of proper time to the
singularity is given by
ρ ≡ 1
4
3piL3
=

1
36pi · 1τ3 (dust);
3
32pi · 1τ3 (radiation).
(28)
3.3 Summary
In the above calculations, we found
ρSchw =
2
27pi
· 1
τ3
, (29)
ρdust =
1
36pi
· 1
τ3
, (30)
ρradiation =
3
32pi
· 1
τ3
, (31)
all of which diverge when the embedded anti-chain is sent to the singularity as
we expected.
Although these calculations do not serve as conclusive evidence, they sug-
gest a correspondence between singularities and anti-chains consisting of either
a countably infinite number of elements or an uncountable number of elements.
We, however, have strong evidence that countable anti-chains correspond to
spatial hypersurfaces [13], and adopting the correspondence of singular anti-
chains to singularities seems to be a reasonable choice.
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4 Causal set black hole
Now that we have found how to describe singularities in the theory, it is a
simple task to define causal set black holes.
For a singular anti-chain, S, we define a causal set black hole, BS, by
BS := {x ∈ C | ∀ p+(x), p+(x) ∩ S , ∅} , (32)
where p+(x) is a path starting at x that is inextendible to its future. The condition
means that x ∈ C is inside the black hole if there is no future-directed maximal
path from x that can reach its future endwithout hitting the singular anti-chain.
In other words, any such paths from x inevitably reach the singular anti-chain
with finite steps. We can also define the causal set black hole horizon, HS, as a
set of links connecting the inside and the outside of the black hole:
HS := {(x, y) ∈ (C \ BS) × BS | x  y, and |A(x, y)| = 2} . (33)
Figure 5 shows an example of a causal set black hole and its horizon.
r
r
r
r
r
r
r
r
HS
BS
Figure 5: A causal set black hole and its horizon. The causal lines intersected by the
curve across the diagram are the elements of the causal set black hole horizon, and the
causal set black hole consists of the elements above the curve.
5 Discussion
I briefly discuss some questions that singular anti-chains and causal set black
holes may give rise to.
5.1 Divergences due to the singularity
First, we are interested in whether singular anti-chains introduce any diverg-
ing physical quantities. The cardinality, which is interpreted as the volume
of the corresponding spacetime, of a singular causet certainly diverges due to
the uncountability of the singular anti-chain, but it would not have any ob-
servable effect since any local regions defined by Alexandroff intervals are still
guaranteed to have finite cardinalities thanks to the local finiteness.
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Another interesting observation concerns the Benincasa-Dowker action for
a singular causet. One can show that the two-dimensional BD action for a sin-
gular causet unavoidably diverges either positively or negatively depending on
the structure of the causet near the singular anti-chain, but the four-dimensional
BD action can converge1. This might then put a restriction on the configuration
of causal set black holes, and might help to construct physically realistic causal
set black holes.
There is also an ambitiouswork in progresswhere the cosmological constant
is used as the counter term to cancel the divergence in the BD action, thereby
providing another newway to calculate the cosmological constant in causal set
theory.
5.2 Structures of singularities and black holes
Another question is how we can describe different kinds of singularities with
singular anti-chains. Non-trivial spatial topology of a singularity, like a ring
singularity, may simply be transferred to the corresponding singular anti-chain,
but we have less idea about how to describe/distinguish time-like and space-
like singularities. One idea is to use a stack of singular anti-chains, connected
by one-to-one causalities, to describe a time-like singularity. In fact, two stacked
singular anti-chains give us two distinct inner and outer causal set black hole
horizons, as shown in Figure 6, like the Reissner-Nordstro¨m black hole. Notic-
ing that we can write down a metric with any number of horizons that is not
necessarily a solution of the Einstein equations, we might expect the number of
anti-chains stacked to be determined by the number of horizons. However, we
would need to establish the correspondence between a causet and a space-time
beyond non-singular causets to draw any conclusion.
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
r
r
r
r
r
r
r
r
r
r
Hin
Hout
Figure 6: Two singular anti-chains connected by one-to-one causalities and two distinct
inner and outer causal set black hole horizons.
It is even more obscure to determine any characteristics of black holes, such
1The detailed calculations will appear elsewhere.
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as mass and charge, from causal set black holes. Again, we do not have clear
criteria for showing the correspondence between a spacetime and a singular
causet since the sprinkling process does not work in the presence of a singular
anti-chain. This absence also makes it difficult to investigate causal set black
holes in depth.
Furthermore, there is a fundamental question on the causal set black hole
formation. Currently, the best known dynamics of causal sets is the classical
sequential growthmodel [14, 15], with which causets with finite cardinality can
only be produced, and there is no chance a singular anti-chain is created.
All the problems discussed here might become accessible when we obtain
better understanding of the dynamics of causal sets and of the correspondence
between a causet and a space-time, and we might have to wait until that time.
5.3 Conclusion
While singular anti-chains give us a lot of mysteries that cannot be resolved im-
mediately, they may provide us a way to address interesting problems related
to black holes in the future, such as Hawking radiation and black hole entropy,
from the first principle of causal set theory assuming their interpretation pro-
posed in this paper is correct. Although it will ultimately be determined with
the development of the theory whether the interpretation is true or not, one
thing that is certain is that singular anti-chains do exist in the theory, and we
cannot ignore their existence in general.
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